CONCERNING MEASURES IN FIRST ORDER CALCULI

BY
HAIM GAIFMAN

§0. Imtroduction. The idea of treating probability as a real valued function
defined on sentences is an old one (see [6] and [7], where other references can
be found). Carnap’s attempt to set up a theory of probability which will have a
logical status analogous to that of two valued logic, is closely connected with it,
cf. [1]. So far the sentences were used mainly from a ‘‘Boolean algebraic’’ point
of view, that is, the operations that were involved were those of the sentential
calculus. ( The work of Carnap and his collaborators does, however, touch on
probabilities which are defined for special cases of first order monadic sentences.)

A measure on a sentential calculus which assigns real values to sentences is
essentially the same as a measure on the Lindenbaum-Tarski algebra of that
calculus, thus its investigation falls under the study of measures on Boolean
algebras. These were studied quite a lot; see [3, 5] were other references are
given.

In this work the notions of a measure on a first order calculus, and of a measure-
model, are introduced and investigated. This is done not from a point of view
concerning the foundations of probability but with an eye to mathematical logic
and measure theory; the concepts with which we shall deal form a natural gen-
eralization of the concepts of a theory and a model in the usual sense.

In §1 the notion of a measure on a first order calculus is introduced. In §2 the
notion of a measure-model is defined and a theorem analogous to the complete-
ness theorem is proved. In §3 the case of a calculus with an equality is treated.
§4 is concerned with measure-models in which the measure is invariant under
permutations of the individuals, and §5 contains a specific example of such a
model. Whereas the propositions of §§1, 2 are analogous to similar ones con-
cerning theories and models (in the usunal sense), §§4, 5 deal with situations
which are typicalto measures and measure-models and have no analogous counter-
part.
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* The basic definitions and concepts of this paper were first presented by the author in a
contributed paper to the 1960 Congress of Logic and Methodology of Science which took
place at Stanford [2]. The paper contained part of the results appearing here. Other results,
unpublished yet, were obtained since then by Ryll-Nardzewski, and presented by him in a
talk given at the International Symposium of Model Theory, 1963, which took place at
Berkeley.
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§1. Measures. Consider a first-order predicate calculus B, that is, a system
consisting of individual variables, individual constants and predicate constants,
as well as the sentential connectives ~, VV, A , —, = and the first order quan-
tifiers 3 and V. P may or may not be with an equality. Let C be any set of in-
dividual constants, not necessarily belonging to B. F(C) is the set of all formulas
formed using the individual variables, the predicates, the connectives and
quantifiers of P, and the individual constants of C. S(C)is the set of all sentences
(i.e., formulas without free variables) of F(C). §o(C) is the subset of F(C) con-
sisting of all formulas in which no quantifier occurs, and Sy(C) = Fo(C) NES(C).
(Thus if C =8, S(C) = 9). ‘I¢’ means that ¢ is logically valid.

Now let C be the set of individual constants of .

By a measure on B we mean a function p defined on a subset of S(C)
having non-negative real numbers as values, and not vanishing identically,
such that the domain of p, Du, is closed under sentential operations (i.e. if
o, yeDu then ~P,d V etc. belong to Du) and the following holds for all
¢,y eDyu:

(1) If+¢ and by then w(@) =u()

(2 If b~ (@NAY) then p(dV )= w@) + u(y)

(1) and (2) imply:

(1) If ¢,y e Du and F¢ =y then u(d) = u(y).

Proof. If ¢ = then F~ (@ A ~ ) and thus p(d V ~ ¥) = u(@) + u(~y).
Since F ~(f A ~ ) we get u(~y)=p(y V ~ ) — u(y). Since P V ~ y we
have p(¥ V ~ ) = (¢ V ~ ) hence u(@) — u(y) = 0. (One can show that (2)
alone or (2) together with the requirement u(¢) = 0 whenever + ~ ¢ do not suf-
fice to get (1')).

Thus, a measure can be conceived as a non-trivial, non-negative, finitely ad-
ditive measure on a Boolean subalgebra of the Lindenbaum-Tarski algebra of
the sentences of B, the subalgebra being {y//= | y € Dp}, where /= = {¢ |Fd =y}.

A probability on B is a measure u for which y(¢) = 1 whenever ¢ € Dy and
F.

One can consider also measures defined for formulas containing free variables
as well, this however makes no essential difference, the statements and con-
structions which follow can be modifiedin an obvious way to take care of thiscase.

The notion of a probability is advanced here as a natural generalization to
that of a theory. Whereas in the case of a theory one speaks of sentences as being
true or false, in the case of a probability a sentence has a certain probability
which might in general be any number between 0 and 1. A theory is a probability
having only two values 0 and 1, the theory being complete if the domain of the
probability is the set of all sentences. This analogy motivates the following de-
finition of a measure-model.
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§2. Measure-models and the completeness theorem. Let C be the set of
individual constants of B. A measure-model for P is a pair {U,m>, where
U=2C,U#8, and m is a measure on S, (U). {U,m > is a probability-model
if m is a probability.

A usual model consists in giving an interpretation to the predicates of the
calculus as relations over a certain set U. This might be also described as a func-
tion assigning the values O or 1 to every expression of the form R(a,,---,a,) where
Ris an n-place predicate of P and a,, -+, a, € U. In generalizing this we consider
a function having values in [0,1], but this in itself is not sufficient, since, in
general, the values assigned to atomic sentences do not determine unigue values
for sentential combinations of these sentences. Hence one has to start from a
probability defined on the whole of S4(U). This, as it turns out, does determine
a natural extension to S(U).

THEOREM 1. Let {U,m) be a measure-model, then there is a unique measure
m* which extends m to S(U) and satisfies:
(3) If ¢(x) e F(U) and x is its only free variable then

m*(3x ¢(x)) = sup {m*(\/]-1$(a))|ay,,a,€ U}

(*Vi<19(a))’ stands for ‘¢(a)V --- V ¢(a,)’, and the supremum is taken over
all finite subsets of U).

Proof. Since every measure can be made into a probability through multi-
plying by a normalizing factor it suffices to prove the theorem assuming that m
is a probability. It is easily seen that (3) is equivalent to:

3 If ¢(xy,--,x) € F(U) and x,,---,x, are all its free variables then

m*(axl ”'xk(é(xl"n,xk)) = sup {m*(\/'i'=l¢(ai,l, '"’ai,k))!al,l’ “'9an,k € U}
(““3x; - x> stands for ““(Ix,)---(Ix)>")

For every U’ < U let X (U’) be the subset of F(U’) consisting of those for-
mulas which are in prenex normal form with no more than n alternating blocks
of quantifiers and, in case n > 0 and there are n blocks, the leftmost one consists
of existential quantifiers. Let I1,(U’) be likewise defined except that in the case
of n blocks, where n > 0, the leftmost one is required to be a block of universal
quantifiers. Now assume mjy and mJ both extend m and satisfiy (3°). If m}
and mj coincide on all sentences in I, (U) and ye X, ,(U)NS(U) then
¥ = 3xy - x(xq,0, %) where ¢(x,, -, x;,) € IL(U). All sentences of the form
#(a;,y,++,a;;) are in IT,(U) and every disjunction of sentences from II(U) is
logically equivalent to a sentence of IT,(U), hence (3’) implies that m() = m%(y).
If yell,.;(U)yNnS(U) then ~y is logically equivalent to a member of
2. +1(U) NS(U) hence m} and m} coincide on ~  and therefore also on .
It follows by induction that mf and m} coincide on all sentences in
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Y. (U), I(U), n=0,1,---. Since every sentence is logically equivalent to a
sentence in prenex normal form we get m*= m3.

To prove the existence of m* we distinguish first the case where U is countable
(i.e., of power < ;). Let M be the set of all models (in the usual sense) whose
universe is U (i.e., systems of the form (U, ---}). For every ¢ € &(U) let P(¢) be
the set of all models in which ¢ is satisfied. D¢ V ¢) = M(¢) VIMM(Y) and
W ~P)=TM—IM($), hence {IM($)|¢ € So(V)} isa Boolean algebra of subsets of
M and m induces on it afinitely additive measure m, given by: m;(M(¢)) =m(¢).
m, is continuous, by which we mean that if X,,i = 1,2,---, is a sequence of sets
of the Boolean algebra such that X;,; € X;,i=1,2,---, and [ }2,X,; =9 then
lim;_, ,m (X =0. If U is finite this is obvious. If U is infinite then it follows
from the compactness theorem for the sentential calculus, which states that,
for ¢,eSy(U), i=1,2,, either there is an n for which F~ Al_(¢, or
U 19, # @; consequently a decreasing sequence of sets of the Boolean
algebra has an empty intersection only if some member of it is already empty.
As is well-known, cf. [4, pp. 74-80], a continuous measure can be extended to
a countably additive measure m? on the o-field (i.e. Boolean algebra of sets closed
under countable unions and intersections) which is generated by the sets of the
Boolean algebra. Since for all Ix¢(x) in S(U) we have PYIxP(x)) =
. « oDU(a)) it follows, assuming that U is countable, that, for all ¢ e S(U),
IN(¢) belongs to the o-field on which m} is defined. If we put m*(¢) = mi((P))
then m* extends m to S(U). The countable-additivity of m? implies (3).

Nowlet U be of any power. For every ¢ € F(U) let ¢* be a logically equivalent
formula in prenex normal form such that whenever ¢ is in prenex normal form
¢* =9, if §1,4, € TL(U) then (¢, V $,) * e TL,(U) and (~ $,)*e Z(U). Define
m* for sentences in prenex normal form, by induction, as follows:

m*(¢) = m(¢) for ¢ € Sy(U)
m*(Axg X (xg, 0, %)) = SuP{m*(VL 1¢(at,1a ""ai,k)), I 41,1, "0, x € U}

for ¢(x,, -, %) € I (U), and m*($) =1 — m*((~ ¢)*) for ¢ e (V).

Extend m* to S(U) by putting ,m*(¢) = m*(¢*). It remains to show that m*
is a measure on S(U).

For every U’ < U let my. be the restriction of m to So(U’). If U’ is countable
then my has an extension m,). defined on S(U’) and satisfying (3) with respect
to U’. If Tis any set of predicates of the calculus let S (U’) be the set of all the
sentences of S(U’) all of whose predicates are in T. If U; =€ U, and U, £ N,
then U, is said to be an n-elementary extension of U, with respect to T if
mg (¢) = mg () for all pe 2(U)). nS(U,), (from whichit follows that this is
also true for all &[], (Uy) NSy(U,)). Obviously if U, is an n-elementary
extension of U,, and U, and n-elementary extension of U,, all with respect
to T, then U, is an n-elementary extension of U,. Let U;,i=1,2,---, be
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countablesubsets of Usuch that U, , isan n-elementary extensionof U;,i=1,2,---,
all with respect to some fixed T, then, as we shall see, U, = U,-"_‘;IU,- is an n-ele-
mentary extension of each U,.

First it is obvious that my;  coincides with each my, onIIo(U)) NS(U)). Assume
it coincides with each m{, on IL(U) NS(UY,j < n. Let ¢(x,,--+,x,) € TT(U)),
assume all its predicates are in T and x;,---,x, are its free variables, for
simplicity take k= 1.

mUto( 3x¢(x)) = sup {m:w(\/:= 1¢(at))l ay,,a,€ Uoo}

mgi(Ixp(x)) = sup {my(Vi-14(a)|as,,a,€ Uj}.

Since \/;_1¢(a,), where a,,--+,a,€ U, is logically equivalent to a member of
I U) NG(U) and U, U, it follows that m}_(3Ix¢(x)) 2 m},(Ix¢(x)). On
the other hand, given & > 0, let a, -+, a, be such that m;_(3Ix¢(x)) £ my (V-1
¢(a)) + ¢, then, for some [2=i, a,-,a,€U; hence my,(Ixd(x)) +&2
mp (/7 =1d(a)) + e =mg (Vi 19(a) + & Z my_(3Ix¢(x)). Since U, is an n-ele-
mentary extension of U; we have my (3Ix¢(x)) = m¥, (Ixp(x)). This proves the
opposite inequality. Therefore my, and mg_ coincide on 2 (U)NGHUY,
hence also on IT; . ,(U;) NG(U)).

Finally we claim that given any »n, any countable subset U’ of U, and any
countable set T of predicates, there is a countable W2 U’ such that my, coincides
with m* on L (W) NSHW). If n =0 put W= U’. Assume it to be true for n.
For every sentence ¢ = 3x, --- x, ¢(x,, -+, x,), where ¢ e II (U) for some 12 0,
there is a countable set V(i) such that

m*() = sup {m*(\/1- d(a, 1, "'nat,k))ﬁ l Ay 4,50, k€ V(y)}
If Y is not of this form put V(y) = . We can also assume that if 4" is obtained
from Y by a change of bound variables then V(i) = V(y"). Put U; =U" and
let W, be the countable subset including U, such that m},, coincides with m*
on X (W) NSW,). Put U, =W, U | ycopown V(¥). Since T is countable
so is U,. Extend U, to W, in the same way that U, was extended to W,
then extend W, to U; and so on. We get a sequence U,,W,,---,U,W,--
in which U; < W, < U, i = 1,2, and mj, coincides with m* on
(W) N SW,)). Therefore, every W;,, is an n-clementary extension of
W, with respect to T. Put W= | J;%, W,, then W is an n-elementary extension of
each W,, therefore mj}, coincides with m* on X (W) NGS(W,) for all i, hence
they coincide on L (W) NGHW). If ¥ = Ix, - x,d(x,,,x,), where ¢ € IL(W)
and all its predicates are in T, then
my () = sup {m;’(\/:=1¢(at,ls 5 Ge) l ay 1,0, € W}

since mjy and m* coincide on IT(W) NS(W) it follows that m*(}) is defined
by taking a supremum over a bigger set hence m*(yy) = mp(y). On the other
hand, for some i, Yy e S(W,) hence V() < W from which it follows that
-m*(Y) £ my(), hence equality holds.
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Now given any two sentences of S(U), ¢, ¥, there are countable Tand Wand
a number n such that ¢* y* (¢ V) *e T (W)NSHW), and since every
mjy is a measure this implies that m* is a measure as well. g.e.d.
Note that (3) is equivalent to

(3" m*(¥xp(x))=inf{m*(A}-14(a))] a;, -, a, € U}, for all sentences Vxg(x).

The inductive definition of m* which is based on (3’) and used in the proof
for the case in which U is uncountable, can be used to prove the theorem directly
for both countable and uncountable U’s; one has to show that m* is a measure,
and this can be done by defining the transformation ¢ — ¢ * in some particular
suitable way, and using for the case where U is infinite some versions of Hes-
brand’s theorem.

Note that the notion of an elementary submodel can be carried over to the
case of measure-models as indicated in the proof of the theorem.

Thus we get:

A measure-model {U,m) is a submodel of {Um> if Uy c U and m; ism
restricted to S,(U,). It is an elementary submodel if it is a submodel and, for
all $ e S(U,), m*(d) = m¥(p), where m* and m? are the unique extensions
of m and m, satisfying (3) for U and U, respectively.

(If {U,,m,> is to be a measure-model for the same calculus an additional
stipulation should be made, to the effect that all individual constants of the cal-
culus belong to U,.)

The techniques involving elementary measure-submodels, of which some were
used in the proof, are fully analogous to the techniques used for ordinary models,
in particular:

If (U,m) is a measure-model and U’ < U then U’ can be extended to U” so
that,if m” is m restricted to U”,then (U",m") is anelementary submodelof (U, m ).
U” can be chosen to be of power not exceeding the maximum of &, ¥, and
the power of the family of predicates of the calculus.

As was pointed out in the proof of Theorem 1, every measure-model {U,m>
induces a measure on the Boolean algebra {M($)|¢ € So(U)}, where M(9) is
the set of all ordinary models with domain U in which ¢ is satisfied. This measure
is continuous and can be extended to a countably additive measure on the o-field
generated by this Boolean algebra. In case U< N, this o-field contains all sets
M(¢) where ¢ € S(U), and m*(¢) is equal to the value of the extension for M(¢).
If U > N, and we define m’ by: m'(M(¢)) = m*(¢), ¢ € S(U), then the compact-
ness theorem implies the continuity of m’. (If [}/ ;M(¢,) # @ for all n, then,
since every ¢; involves only finitely many predicates and members of U, there
is a model with domain U in which all are satisfied, hence ﬂ,"i Md) # 8.).
Therefore, in any case, m’ defined as above is a continuous measure on
{M($)|# € S(U)} and as such can be extended to a countably additive measure
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on the o-field generated by {M(¢)|¢ € S(U)}. On the other hand, if m’ is a
countably additive measure on the o-field generated by {M(¢)|¢ € S(U)} and U
is countable, then m’, defined by: m"(¢) = m’'(M(¢)), ¢ € S(U), satisfies (3).
This is no longer true if U> N, since in thatcase every finitely additive measure
on {M(¢)|$ € S(U)} is continuous and can be extended to a countably additive
measure on the o-field, while one can easily construct measures on S(U) which
do not satisfy (3).

A measure-model {(U,m) is said to determine the measure p (on ), if u is
the restriction of m* to Du, where m* is the unique extension of m satisfying(3).
{U,mY) is said to be a model of p if it determines u.

The following analogy to the completeness theorem holds.

THEOREM 2. Every measure y on B has a measure-model whose power is
N, + the power of the set of all sentences of P.

The proof of this theorem is analogous to the proof of the completeness theorem
which uses the prime ideal theorem to extend an ideal in the Lindenbaum-Tarski
algebra to a prime ideal. Here we extend a measure on a subalgebra to a measure
on the whole algebra. We quote the following result [8, pp. 268-270].

(4) Assume B’ is a Boolean subalgebra of B and m is a measure on B’. For
everyb e Bputm*(b) =inf{m(b')| b’ € B'and b’ 2 b}, m~(b)=sup{m(b")|b'eB’
and b’ < b}. Then, given any element » €B and any 0 < 6 < 1, the equation

m'(b-b" +b-b") = Om*(b-b)+(1 - 6O)m-(b-b"), b',b"eB’

defines a measure m’ which extends m to the subalgebra generated by B’ and b.
(““+7,°“.”” and ““7* denote here the join, meet and complement operations
in the Boolean algebra.)

This together with the axiom of choice implies that every measure on a Boolean
subalgebra can be extended to the whole algebra.

Proof of Theorem 2. Let C, be the set of individual constants of . For
every sentence ¢ of S(C,) of the form Ixy(x) let a, be a new individual constant,
ay, * a4, if ¢ #¢,. Let C; be the set of all a, thus obtained; in general let
Ci+1 be the set of all individual constants a,, where ¢ € S(Uf -1C j)-—G(U};}C )
and is of the form Ixy(x). Put U =|J2,C;.

Let &’ be the set of all sentences in S(U) of the form 3xy/(x) — y(a,) where
¢ = Ixy(x).

For all 0 e S(U) let o/= be the element of the Lindenbaum-Tarski algebra
represented by o. Let B be the whole algebra {o/= |6 € S(U)} and B’ the sub-
algebra generated by {¢/=|0eDuUS'}. Every element of B’ is of the form
(6, AY V- V(6, AY,) /= where 6,€ Dy, i=1,---,n and y, is of the form
A ; where, for every j, Y, ;€ &’ or y; ; is a negation of a member of &', Let
J be the ideal in B generated by all elements of the form ~ ¢ /= where ¢ eS’.
Assume that 0 € 3(C,) and ¢ /= €J. There are 1;’s which are negations of mem-
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bersof §’sothatk o = \/].,7;. Lett, = ~ (Ixy(x) = ¥(a,,)), whered; = Ixy(x),
and we can assume that ¢, # ¢; for i # j. Let a,, € Cy,; assume, with no loss of
generality, that k, > k; for all i £ n. It follows that a, does not occur in ¢ as
well as in any 1; where i # n, hence, using well-known rules of first order logic,
we get Fo— (e, () A Vy ~y,(3) V Visi7. If n=1 we get F ~0, otherwise
Fo— \/321 7 and by continuing the argument we get F ~ ¢. This implies that,
for all 0,,0,€S(Cy), (6,/=)|J=(6,/=)/J iff 6, = 7,. For every ¢ /= €B’
there is € Dy such that (¢ /=)/J = (¥ /=)/J, consequently one can define a
measure yu’ on B’/ by putting p'(¢/=)/J) = u(Y), where Y € D is such that
(/=)= /=)/3. Now extend p’' to a measure u* on B/JF. Define m* by
m*() = u* (Y /=), for all Yy e S(U). m* is a measure on S(U) for which
m*(IxyY(x) - Y(a,)) = 1 whenever ¢ = Ixy(x). Consequently m*(IxyY(x))
< m*((a,)), since the opposite inequality holds trivially one gets m*(3xy(x))
=m*((a,)), from which it follows that m* satisfies (3). m* coincides with y on
Dy, hence if m is the restriction of m* to Sy(U), then (U, m) is a measure-model
for p. q.ed.

Note that the measure-model constructed in this proof has the additional
property that for every sentence Ixy(x) in S(U) there is a member a € U such

that m*(3Ixy¥(x)) = m*(Y(a)).

§3. Strict equality. Let (U,m) be a measure-model for P and assume
that P hasan equality,= . {U,m) is a model with strict equality if m(a =a")=0
whenever a,a’ e U and a# a’.

THEOREM 3. Let B be a first-order calculus with equality, and let C be the
set of individual constants of B. If p is a probability defined for all sentences
of B, then a necessary and su fficient condition for ji to have a probability-model
with strict equality is:

(5) For all a,a’eC, a# a' implies p(a =a’)=0.

(6) For every k, p(3x; - x,Vy(\VE-1y = x))) is either 0 or 1.

We formulate the theorem in terms of probability rather then measure only
for the sake of convenience. The theorem remains true if ‘probability’ is replaced,
throughout, by ‘measure’ provided that, in (6) ‘1’ is replaced by u(¢V ~¢),
where ¢ € D,

Proof. The necessity of (5) is obvious. Since FA;<; Aj<x+1(a;# a) =
~ 3y - % VYV F= 1y = x;) (Where ““a; 2 a;”” stands for “~ a; = a,”), it follows
that if (U,m) is a probability-model with strict equality then
m¥(~ 3Ix; - x; Yy(\/,-"=1y = x;)) = 1 whenever m* is an extension of m and
k<U.Ifk2U,say U={ay,-,a;}, k=j, thenF\/{_ya=q;forallaecU,
hence if m* is the unique extension of m satisfying (3), m*( Yp(\Vioy =a)) =1,
which implies m* (3x; -+ x, Yy (\V//£1¥ = x;)) = 1. Therefore (6) is necessary.
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The sufficiency of (5) and (6) follows from:

(7 Let U be any set of individual constants and m a probability on S(U)
satisfying (6), such that for all a,,a, € U, a, # a, implies m(a, = a,)=0. Then
either m(Ix(Yx)) = sup{m(\/{-1¥(a)))|a,,"-,a, € U} for all sentences Ixy(x)in
S(U), or else, given any particular sentence 3xy(x) one can add a new indi-
vidual constant,a’, to U and extend m to a probabilitym’on S(U"), U'=UU {a'},
so that, for all aeU, m'(a=a’)=0 and m’'(IxyY(x)) = sup{m'(V = ¥(a)
lay, -, a,eU’}.

Once (7) is proved the proof of the existence of a probability-model with strict
equality follows the same lines as the proof of Theorem 2. Namely, putting
Co=C we define C, as before, and we keep adding step by step the new constants
a, and extending the probability according to (7), so as to make it satisfy (3)
for the particular sentence ¢ . This is done for every C; by transfinite induction.
Either we get at some stage a probability already satisfying (3) or else the process
can be carried on and we get such a probability on U;‘ioci. The probability-
model thus constructed determines u and is with strict equality.

Proof of (7): If, for some k, m(3x,---x, Vy(\VV X 1y = x,)) = 1let ko be the smallest
lé of this property. Then (since m(a, = a,) =0 whenever a, # a,) U < ky. If
U=k,, say U= {a,,---,a,,}, we get

F /\i<j/\jkgl(ai¢ a) A 3x1"‘xkoVJ’(\/?°= w=x) - [Ixg(x) = ’i‘o= 1W(ay]

which implies that m satisfies (3) with respect to U . Thus we can assume that either
U < ko or, for every k, m(Jx; - x, Vy(\/ ;£ 1= x,)) = 0; each of these implies
that m(Vy(\/i=1y =a;))=0whenevera,,---,a,e U.Assumea’ ¢ U, U'=UU{a’},
and let S, be the set of all sentential combinations of sentences from S(U) and
sentences of the form a’ =a, ac U. Let B, B,, B’ be the Lindenbaum-Tarski
algebras of S(U), &,, S(U"), respectively, and  the ideal of B, generated by
{a’ =al/=]aeU}. For every ¢eG, there is a YyeS(U) such that
(@/=)/I=W[=)/I. Assumethat ¢ e S(U)and¢ /= €, thentdp—>\/-,a’ = a;
for some ay,---,a,in U. Since a’ does not occur in ¢ we get Fo— Vy(\/[-1y =a)),
hence m(¢) = 0. It follows that one can define a measure # on B, /J by putting
(¢ /=) /3J) = m(Y), where Y e S(U) is such that (¢ /=)/F = (¥ /=)/J. Now
put my(y) = m((Y/=)/J), then m, extends m to S; and my(a’ =a) =0 for
all aeU.

Given a sentence of S(U) of the form IxyP(x) put &= m(3IxY(x)),
n = sup{m(\/ £~ Yy(b))| by, -, b, € U} and let a,, a,,-+,a,, - be a sequence of
members of U such that # = lim,, , m(\/{=¥(a;)).Pute, = Y(a) A A= ~¥(a).
We claim the following statement:

(8) If B’ is a Boolean algebra, B, a subalgebra, m, a measure on B,, and
Y1572, @ sequence of members of B’ such that v, = v;,,, i=1,2,---, then m,
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can be extended to a measure m’ on B’ so that m'(y) = mg(y;) for all y
(mq is defined in (4)).

To prove it we use (4). Let B’ be the subalgebra generated by B, and
{y1,--+,7;}. First extend m, to a measure m, on B" so that m,(5-y,) = m§ (5°7;)
forall 6 € B, ; continue this process, extending m; to a measure m;,., on B*** so
that m,, (8- 7i+1) = m;(8-7:4,) for all §e®B'. Finally let m,, be the measure
defined on [ Ji2,B’ which coincides with each m; on B', and take m’ to be any
extension of m,, to B’. All that is required to show is that m{_ ()= mg (7)),
i=1,2,--. It suffices to show that m}(y)=m; () for all j<i.
m{ (y))=inf{m,(8)| 5 eB'&s=y) If 6B then §=6"y, +6"5, where
8',6"€B,. Since y, = y; we get: § = 7, iff 6" = y;, hence m'(y,) = inf{m(5-y,)|
3eB, & 6=7;}.FordeB,,m(8-y,) = mg(6-y,)=inf{m(5")| 8’ € B, &5’ 257}
therefore mj (y,) = inf {inf {m(6") |6’ € B, & 6" 2 6 7,}|6e B, & § = 7}
= inf{mo(é’)] 6,6eB,&6'=2 8-y, &5 =7}, where the last infimum is taken
over all 6,6’ satisfying the conditions. But since y; = y; this last expression is
actually inf {mq(3')|8’ € B, &4’ 2 y;}, that is, mg(y;), hence my () =mg (7));
the proof for any j < i is the same. (A somewhat less obvious argument proves
also the statement obtained,from (8), by requiring y; < 7, instead of y; 2 7,41,
i=1,2,.--)

Using (8) where y, = 0,/=, n=1,2,--- (obviously } 6, ., = 6,) one derives the
existence of a probability m' on (U ‘) which extends m, and satisfies, for every n,
m'(s,) = inf{my(§)|p €S, & F 6, ~> P} . Assume o, where peS;. ¢ is
logically equivalent to a sentence of the form \/;.;¢; A 7(a’), where ¢, e S(U)
and t,(a’) is a conjunction of sentences of the form a’ = b and negations of such
sentences, b € U. Let I, be the subset of I consisting of all i’s for which all the
conjuncts of t,(a’) are of the form a’ ## b, and Iet by,:--, b, be all the members
of U which appear in some conjunct of some 7,(a’), of the form a’ = b;. Then
o, A AFo1a’ # b;= ;i 1,(¢; Ata’)). Replacing a’ by x and taking exis-
tential generalization we get (since a’ does not occur in ¥ or in ¢;)
F(Ix(P(x) A Af=1x ZbD A Ny ~ Wla) - V; er; (@3 A 3x1(x)) therefore
F3xy(x) A Ni=y ~ W) A Nici ~ (8D = Vie 1,(di A Ixt(x)). mo(za’) =1
fori e I, hence,the value of m, for the right side of the conditionalis mo(\/; cr,$2),
which implies mo(\/; ¢ 1,8:) = mo(Ixyh(x)) — mo(V F=1¥(b) V Vi=1¥(a)) Z &—n
hence mg(¢) = my(V; < 19;) 2 € — 5. Consequently m'(g,) = & — #, which yields
m'(Y(a’) vV Vi=i¥(a))z mo(V,Z1¥(a)) + & —n. Letting n > co one gets
lim,_, om'(Y(a’) V Vi-=1¥(a;)) = €. This concludes the proof.

Note that,unlike the proof of Theorem 2, the construction used in this proof
does not guarantee that for every 3xy(x) there is a member a of U for which
m*(3IxY(x)) = m*(Y(a)). This is no accident. Given any n, one can construct a
measure p on a first-order calculus which consists of an equality and finitely
many monadic predicates, so that u has measure-models with strict equality, but
for every measure-model (U, m ), of u, which is with strict equality, there is at
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least one predicate P, of the calculus, such that u(3xP(x)) > m(\/!=}P(a;)), for
all a,,---,a,-, € U. We give the construction without the proof. The monadic
predicates are Py,-*,Pyy-1)24+1 and Q,, where S ranges over all subsets of
{1,2,--,n(n—1)® + 1} whose power is n. u is any measure having measure-
models with strict equality and satisfying the following: u(3xP(x))=1 and
#(Ix(P{(x) AP(x)) =0, for all i #j, p(Vx,y(Qyx) A Q(y)>x=y))=1, for
all S, and, u(Vx(Py(x)— Q4(x))) = 1/n whenever i€ S. One has, of course, to
show that such measures exist and the easiest way of doing it is to construct a
measure-model with strict equality which determines a measure satisfying these
equations.

On the other hand if P has countably many sentences and finitely many in-
dividual constants, and g has measure-models with strict equality, then p has
also a measure-model {U,m ), with strict equality, such that, for all Ix¢(x) in
S(U), there are ay,-+-,a; in U for which m*(3x¢(x)) = m*(\/ L. ;¢(a;)). This
follows from a slight modification of the proof of Theorem 3. Consider the sets
C;, i=1,2,---, since P has countably many sentences each of them would be
countable, hence one can arrange U{‘LC, in a sequence. One proceeds now
to extend the measure by adding at each step the first a, (in the sequence) for
which all the constants a,, which occur in ¢ were added before. Since by adding
A3.4(xy the measure is made to satisfy (3) with respect to Ix¢(x), and since after
each addition we still get a measure whose domains are all the sentences on a
finite set of individual constants (the set of individual constants of P is assumed
to be finite), it follows that the measure-model one gets has the required property.

The above mentioned assertion is not true if % has infinitely many individual
constants. Let P be a monadic predicate of ‘B and consider a measure u such
that p(Vx,y(P(x) AP(y)>x=y))=1 and u(P(a;)) =¢; where a;, i=1,2,..,
are individual constants of P, &; > 0 for all i, and Z,-s,- =1. It is easily seen
that u has measure-models with strict equality, but in every model {<U,m) of
this kind m*(3xP(x)) > m(\/ /< P(b)) for all by,.--,b,e U. The assertion is
also not true if P has no individual constants but uncountably many predicates.
Let {P;,0,}<w, be the family of monadic predicates of P, where w; is the first
uncountable ordinal. For every 0 < A < w, let {¢; ,},<, be a set of real numbers
such that ¢; , > 0 for all v< 4 and quel,v = 1. One can show that there are
measure models with strict equality determining a measure p such that:
H(IxPy(x)) =1 for all A<y, p(Ix(P,(x) AP,(x))=0 whenever A#v,
(Y%, Q%) A Qx(3) = x = ) = Lforall i<ay, and u(Vx(Py(x)»Q,(xN) =y,
for all 0 £ v < A < w;. One can also show that if (U, m is such a model then
thereare , many ’ssuch that m*(3xQ,(x)) > m(\/%- 1 0.(b,))forali by, -+, b, e U.

Asiseasilyseen,a probability uon B (not necessarily defined on all the sentences)
has a probability-model with strict equality iff some extension of it to the whole
set of sentences of P has such a model.
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A necessary and sufficient condition for the existence of an extension satis-
fying (5) is:

(9) If¢eDuandt¢ - \i-,a; = b, wherea;,b,e Cand g, # b,;for
1Zi<n, then p(¢)=0.

Put 7, = Ix; - x, Vy(\/F=1y = ;). A necessary and sufficient condition for
the existence of an extension satisfying (6) is:

(10) If¢,,¢, € Dy and, for some k, ¢, =1, and F 7, =+ ¢,, then u(¢,)>0
implies p(¢,)=1.

A necessary and sufficient condition for the existence of an extension satis-
fying (5) and (6) is:

(11) For all ¢(,p,€Du and all k, if FAJ-,(a;#b) Ad,~1, and
Fry— Vi=1(a; =b) V¢,, where a,,b;eC and a,#b; for 1Si=<n, then
w(¢y) >0 implies p(¢,)=1.

The proofs of these statements use} (4) and techniques similar to those em-
ployed hitherto; they are omitted here.

All this holds for measures provided that ‘‘1’’ is replaced by “‘u(¢ V ~ ¢)’’.

§4. Symmetric measure-models. 4 measure-model (U, m}) is said to be sym-
metric in U’, where U’ < U, if for every sentence ¢(ay,---,a,) of S(U),
in which ay,---, a, are all the occurring members of U’, m(¢(ay, -, a,))
= m(¢(n(a,), --,n(a,))) whenever n is a permutation of U’.

THEOREM 3. If P has a countable set of sentences and p is any measure
on P then p has a measure-model <U,m) which is symmetric in U — C, where
C = set of individual constants of P.

Proof. Let U be any countable set which includes C, for which A=U—C # 8.
Let F be the set of all functions mapping 4 into A4 and let F, be the set of all
functions whose domain and range are finite subsets of 4. f fe Fand A'c 4
then f[ A’ is the restriction of fto 4’. For every ge F, put [g] = {f|feF and
f| Dg = g} and let F* be the o-ficld generated by {[g]|g e Fo}. Let v be a count-
ably-additive measure on F* satisfying:

(i) vw(FH=1.

(ii) Forevery geF, if h is a one to one mapping of a finite subset of A onto
Dg then v([g o h]) = v([g]), where g o h is g composed with h, g o h(x)= g(h(x)).
(That is to say, v([g]), depends only on the sequence of the values of g.).

(iii) For every ae A v({f|fe F&aedf}) =1, where Af =range of f (the
countability of 4 implies that {f|a e df} e F¥).

A measure v satisfying (i)-(iii) is easily arrived at. Say 4 = {a,,a,,'**},a; #8;
if i # j (the sequence being infinite or finite). By identifying every f in F with
the sequence f(a,),f(az), -, F is identified with a cartesian power of A4, the
number of coordinates being equal to A.Letv' be the countably-additive measure
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on all subsets of A obtained by putting v'({a;}) = ¢; where every ¢;>0 and
2.e;= 1. If we now take v to be the product measure on F then v satisfies (i),
(>ii), (iii).

Now let m be any measure on S(U). Let ¢ = ¢(b;, -, b;) be any senter.ce of
S(U), where by,---,b, are all the members of A occurring in it. Define
m(¢p) = Em(q&(f(bl),---,f(bk))-v([f]) where the sum is taken over all feF,,
whose domain is {by, -, b;} . If no member of 4 occurs in ¢ then m (¢p) = m(¢).
Note that if {by,---,b,} = B, where B is any finite subset of A4, then
m(¢) = ZDf=Bm(¢(f(bl),---,f(bk)) wW([f]), this is so because if Df = {b;,--,b;}
then v([f]) = 2v([g]) where the sum is over all g’s with Dg = B and g|Df=f.
For all ¢,F¢(b, ,++-, by) implies F $(f(b,),--,f(by)), therefore m, is a measure on
S(U). By(ii) we have m (¢(by, -+, b)) = m (p(h(by), -+, h(b,))) whenever by, -+, b,
are all the members of 4 occurring in ¢ and h is a permutation of 4.

Now consider a sentence ¢(by,-+-,b;) of the form Ixy(by,--,by,x), where
by, -+, by are all the members of A occurringin it. Assume thatforall b{,---,bf € A4
we have m(¢(b}, -, b)) = sup{m(\/ ;> 1Y(b1, -+, b},d)| dy,-+,d, € U} . Given any
¢ > 0 there is a finite subset F, of F,, all of whose members have {b,,---,b,} as
a domain, such that:

@ Xyep,m@(f(by), . f (b)) WD 2 (1 — & m($(bs,-+,by))

Put B'=J; <5, df. There is a finite subset U’ of U such that:

® m(\Vgcp¥(by, b, D) = (A — &) m(¢(by, -+, by)), for all b}, -, b} in B'.

From (a) and (b) we get:

©  Lier,m(Vaev¥(f(by), . f (0, D) WLfD 2 (1 — &) my(@(by, -+, by)

Put 4’ =U’"N 4. Since 4’ is finite, (iii) implies that, for every f e F, one gets
v({g|geF&g|Df =f &gDg—-Df) 2 A'}) = v/},

(if X is a set g(X) is defined as {g(x)|xe X}).

Consequently there is a finite subset F, of F,, the domain of all whose members
is {by,--,b;} U A, where A, is a finite subset of A4, such that:

(d) g(4,)=2A'forallgeF,,and,

V(Ug ers & etnr=r (8D 21 =)W([f])
for all feF,.
Put C'=U"NC, then U'=A"U C’ and from (d) one gets:
(e)
(1=8) Xy er,m(V 4 g W(F(B1)s S (B, ) W([f]) =
(1=8) Ly, (V4 e cW((B1)s 5 f (Bs )V Vg e aW(f(By),+ -, f (B), ) W[ f ] £

L r,(V aecW (51, S 0DV Vae a W (B1),- oS (Bi).S(@)) W[ 1)
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Put U, =C’"U 4, then, by the definition of m,

my(Vde U;tp (bl’ "',bk’ d)) g Zfngm(VdsC’w(f(bl)s'"af(bk)»d) vV VdeA; ‘/’( (bl),
Hence it follows from (c) and (e) that 5 f (0 f(d) AL D

(f) mv(Vd GU-xlp(bli "ty bk’d)) g (1 _8)3mv(¢(bla "'9bk))

Hence:
sup {m,(\/ 7= 1¥(by, . by, d)) | dy, ++,d, € U} 2 (1= )°my(¢p(by, -, by)

Sending & to 0 we get the inequality which implies that the supremum on the
left side is equal to m(¢(by, -+, b;)). Consequently:

If m satisfies (3) so does m,,.

Now let {U,m} be any measure-model for p with U < No. Let m* be the
unique extension of m to S(U) satisfying (3). (m*), satisfies (3) and coincides
with g on Du. The restriction of (m*), to Sy(U)is m,, therefore (U, m,) is the
required measure-model. g.e.d.

Note that if all the individual constants occurring in the sentences of Dy are
members of C,, where C, is some subset of C, then one can construct a measure-
model for u which is symmetric in U —C,, by replacing in the given construction
C by C,. In particular if C; = @ one gets a measure-model symmetric in U.

The theorem is not true for P with an uncountable set of sentences where
Du> N,. Consider the following example: Let B be with no individual con-
stants, let P,,{ € E beits predicates, where every P, is a one-place predicate and
Z is uncountable. Let u be a measure on P such that p(Ix(Py(x) A P,(x))=0
whenever & #1, and u(3xPg(x))=1 for all (€ E. Let (U,m) be a measure-
model for u. If the model is symmetric in U we have m(Py(a)) = m(P4(b)) for
all a,be U, hence we must have m(Pg(a)) >0 for all {€E, ae U. Hence in
{m(Pc(a))l ¢ e E} there are infinitely many numbers 2 ¢, where ¢ is some fixed
number >0. That is, m(Pga))=¢ for all {e€E’, where E'2 N,. Also
m(Py(a) A P,(a))=0 for all &#1, therefore m(\/{-(P;(a))= LI m(Py(a))
=n-eforall &,,---,&, € E, contradicting the boundedness of m.

If P has an equality, then the measure-model constructed in the proof of
Theorem 4 is not with a strict equality. In fact, there are measures u on first order
calculi with equality, having countably many sentences, which do not have
measure-models symmetric in U—C with strict equality. For example, let P
have only one one-place predicate P and equality. Let y be a measure on P such
that u(3xP(x)) = 1, u(Vx, y(P(x) A P(y)— x = y)) = 1, and

#( axn"':xkv}’(V?ﬂy =x))=0

for all k. If LU, m is a measure-model for y then U = N,, and if it is symmetric
in U then m(P(a)) = & > 0 for all a € U.. If it is with strict equality then we must
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have m(P(a) A P(b)) =0 whenever a # b. Hence m(\/{-,P(a;)) =n-¢; taking
n large enough we get the contradiction m(3IxP(x)) > 1.

The problem of characterizing those theories (i.e. measures having the values
0 and 1) which possess a measure-model with strict equality, satisfying also
the symmetry condition, seems to be difficult. As was pointed out by Ryll-
Nardzewski, the theory of a linear dense ordering without firstand lastelements
has such a model.

§5. An example. The following is a simple example of a measure-model
suggested to the author by M. Rabin and D. Scott. Let  be without individual
constants, with or without equality. Let U be an infinite set. Define m on G,(U)
by first putting m(R(a;, -++,a,)) = g for all predicates Rof P and all a,,+-,a,€ U,
excluding the case where R(a;,a,)is a; = a,. q is some fixed number,0 < g < 1.
Next, for every conjunction A*_;d; A Af=x+1 ~ ¢;, Where ¢, are atomic sen-
tences which are not equalities and ¢;# ¢; for i#j, define m to be
q*(1 — g)*"*. This defines m for all sentences of Sy(U) which do not involve
equalities. If P has equality put m(a = b) = 0 whenever a # b, this determines
m completely. (U, m) is a measure-model symmetric in U and the atomic sen-
tences are ‘‘independent’’ in the sense that if ¢,y € S4(U) and no atomic sen-
tence, besides equalities, is a part of both ¢ and y then m(¢ A Y) = m(¢) - m(®y).
Let m* be the extension of m to S(U) satisfying (3); we claim that whenever
¢,y €eS(U) and no individual constant occurs both in ¢ and y then
m*(¢p A\ Y) = m*(¢p)- m*(Y). This is proved for formulas in prenex normal form
by induction on the sum of the numbers of alternating blocks of quantifiers ap-
pearing in the two sentences. If ¢,y € Sy(U) this is obvious. Assume, for the
sake of simplicity, that ¢ = 3x¢,(x) where ¢,(x) starts with a universal quantifier.
Let A, B be the sets of constants occurring in ¢ and ¥, respectively. Consider
Vaea $1(a), where A’ is some finite subset of U. Since 4 N B = @ there is a
permutation h of U, satisfying h(a) =a for all ae 4 and BN h(4') = @. The
symmetry of m implies that m* is also symmetric in U hence m*(\/, . »¢.(a))
= *(\ serard1(@)). It follows that m*(#) =sup{m*(\/ -1 1(a;)|ay,+-,a,eU — B}.
Consider now a sequence of sentences 64,0,,:+, if F 6, 6;,; and +¢;,— ¢ for
i=1,2,.-- and if m*(o) = lim;_, ,;m*(0;) then, for every , m*(c A 1) =1lim,_
m*(g; A 7); this becomes evident once we regard m* as a countably additive
measure on sets of models. Consequently we get

m*(W A ¢) =sup {m*(Y A Vi-164(a)|ay,,a,€ U ~ B}

hence, since \//-1(¢;a;) is logically equivalent to a formula with less alter-
nating blocks, we get:

m*(y A\ ¢) = sup {m*(!P)'m*(V?=1¢1(a;)l ay,+,a, € U — B} = m*(¥)- m*(¢)

The case where the first block of existential quantifiers has more than one quan-
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tifier is treated similarly. The case where the first quantifier is a universal one
results from this by an easy calculation.

If S is the set of sentences of P we get, for every ¢S, m*()=m*(p A ¢)=
(m*(¢))?, hence m*(¢) is either 0 or 1. Therefore (U, m) is a measure-model
of a complete theory. Note that this is some kind of zero-one law, however, the
author does not see a way to deduce it directly as a special case of the zero-
one law in probability theory.

To find out what complete theory is determined by (U, m) proceed as follows.
Assume P has an equality. Let x,, .-+, x,, be distinct variables of 8. By a complete
diagram of x,,---,x, we mean a consistent conjunction of atomic formulas and
negations of atomic formulas formed by using x,,--+,x, and the predicates be-
longing to some finite set X, (which does not include =) so that, for every k-place
predicate R of & and every sequence iy, -+, i, 1 < i ; S n, (the i;’s not necessarily
distinct), either R(x;,,:-,x;) or ~ R(x; ,*-+,x;,) is a conjunct. A complete dia-
gram o,(Xq, -, X,+;) extends another complete diagram o,(x,,+,x,) if both
use the same predicates and Fo,—a,. It is not difficult to show that
m*( Ixg, e ’xnal(xls""xn)) = 1 and m*( Vxy,- 5%, E.V(Gl(xl9"'sxu)")/\i"=1y?sxi
Aoy(x1,+++,x,,¥))) = 1 whenever g, and ¢, are complete diagrams and g, extends
6, . Let @ be the set of all the sentences of these forms. Every member of @ is a
theorem in the complete theory. Moreover @ is a set of axioms for this theory.
To see it take the case where B has finitely many predicates. In that case two
countable models (in the usual sense) in which ® holds are isomorphic. One
proves this using the argument which proves the isomorphism of two countable
dense linear orderings without extreme elements. The basic fact here is that given
any isomorphism between two finite submodels and extending one of them by
adding any extra element, one can add a suitable element to the other and extend
the isomorphism to the bigger submodels. This follows directly from ®.

A model for this theory can be described as ‘‘most general’’ in the sense that
every possible finite model is realised there as a submodel, and for every finite
submodel every possible finite extension of it is realised.

If B has infinitely many predicates the same holds for all subtheories obtained
by restriction to a finite family of predicates. However, there will always be two
countable models for the theory which are not isomorphic.

If P is without identity but has at least one k-place predicate, where k22,
then the situation is essentially the same. One gets a similar set, @, except that
in the sentences the part A’_;y#x; is to be omitted. Let P’ be the calculus
obtained by adding an equality to . Assume, for simplicity, that Ris a 2-place
predicate of P. If o,(x,,--,x,) is a complete diagram in which R octurs, and
6,(xy, ", X,,») is a complete diagram extending o, let 6,'(xy,++,%,,y,y’) be a
complete diagram which extends ¢, and has as conjuncts all the formulas
R(Y',x), 1S iSnand ~R(y,y). ® implies Vx, -, %,3y, y'(61(xg, -+, %) =
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0, (%155 X0, ¥’5 ¥)), but this, in P, logically imples ¥xq,---,x,3y(01(xy,*,X,)
= Ni=1V # X; A 63(%4,+, X, ). Since every complete diagram in which R does
not occur is logically equivalent to a disjunction of complete diagrams in which
R occurs, the same holds if R does not occur in ¢, . Therefore all the properties
of the case in which we have equality carry over to this case.

If B has no equality and all its predicates are one-place predicates, then the
theory has as axioms all the sentences Ix¢(x) where ¢(x) is any consistent quan-
tifier free formula. In case of a finite number of predicates this theory has finite
models as well.

There is an easy way to eliminate quantifiers in the complete theory tdeter-
mined by{U, m). Let ¢ bea quantifier-free formula with free variables x, «--, x,, y.
It is logically equivalent to a formula of the form a4 VV \/i-1(0; A 7(y)) where y
does not occur in 6;, 0< i< n, y occurs in every atomic formula which is a
part of t(y), 1< i< n, F Vxy, -, x,~ (0; A o;) whenever i # j, and 7(y) is not
a tautology, 1 £ i £ n. Now let g}, 7} be obtained by some fixed replacement of
Xy,-+, X%, by members of U. An easy calculation shows that

inf {m(A\J=1(og VVi=10/ Ati(a))|as, € U} = m(o0)

Consequently Yy¢(y) is equivalent in the theory to ¢,. The elimination is effec-
tive since, given ¢, one can find o, effectively.

Note that the theory one gets does not depend on the particular ¢ with which
one starts, provided only that 0 < g < 1. Theargument which was used to prove
that (U, m) determines a complete theory can be used to prove thatany measure-
model satisfying the following requirements determines a complete theory.

() (U, m) is symmetric in U and U is infinite.
(ID If ¢, € So(U) and no individual constant occurs in both then

m(¢ AY) = m(¢) - m(y)

It is not difficult to show that the theory of a dense linear ordering without
extreme elements has such a model.
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